The MIT Faculty has made this article openly available. Please share how this access benefits you. Your story matters. PHYSICAL REVIEW B 83, 245435 (2011) The D band Raman intensity is calculated for armchair edged graphene nanoribbons using an extended tight-binding method in which the effect of interactions up to the seventh nearest neighbor is taken into account. The possibility of a double resonance Raman process with multiple scattering events is considered by calculating a T matrix through a direct diagonalization of the nanoribbon Hamiltonian. We show that long-range interactions play an important role in the evaluation of both the D band intensity and that the main effect of multiple scattering events on the calculated D band is an overall increase in intensity by a factor of 4. The D band intensity is shown to be independent of the nanoribbon widths for widths larger than 17 nm, leading to the well-known linear dependence of the I D /I G ratio on the inverse of the crystalline size. The D band intensity was shown to be nearly independent of the laser excitation energy and to have a maximum value for incident and scattering photons polarized along the direction of the edge.
The D band Raman intensity is calculated for armchair edged graphene nanoribbons using an extended tight-binding method in which the effect of interactions up to the seventh nearest neighbor is taken into account. The possibility of a double resonance Raman process with multiple scattering events is considered by calculating a T matrix through a direct diagonalization of the nanoribbon Hamiltonian. We show that long-range interactions play an important role in the evaluation of both the D band intensity and that the main effect of multiple scattering events on the calculated D band is an overall increase in intensity by a factor of 4. The D band intensity is shown to be independent of the nanoribbon widths for widths larger than 17 nm, leading to the well-known linear dependence of the I D /I G ratio on the inverse of the crystalline size. The D band intensity was shown to be nearly independent of the laser excitation energy and to have a maximum value for incident and scattering photons polarized along the direction of the edge. 
I. INTRODUCTION
The D band Raman spectra in both graphene and singlewall carbon nanotubes (SWNTs) has been widely used to characterize defective carbon-based samples. It has been known that the D band intensity depends both on the crystalline size and on the laser excitation energy (E laser ) in such a way that the D band intensity is inversely proportional to the in-plane crystalline size 1, 2 (for d larger than 20 nm) and the D band to G band relative intensity (I D /I G ) is proportional to E −4 laser . 2 Experimental evidence suggests that the main dependence of the I D /I G ratio on the laser excitation originates mainly from an increase in the I G intensity with increasing laser excitation energy as I G ∝ E 4 laser , while the D band intensity I D would be mainly independent of the laser excitation energy. 3 A recent independent experimental work by Narula et al. 4 investigating the Raman scattering matrix elements of the D and G bands observed that the D band intensity increases nearly linearly with laser excitation for graphene (E laser < 2.6 eV). Also, different E laser dependences were found for the D and G band intensities for monolayer graphene on Si/SiO 2 and pencil graphite. 4 Furthermore, Sasaki et al. have studied the polarization dependence of the D band intensity for nanoribbons, observing that the D band intensity has a maximum when both the incident and the scattered photons are polarized along the direction of the armchair edge. 5 The D band intensity is usually explained considering a double resonance Raman scattering (DRRS) mechanism 6, 7 in which the defect acts as an elastic scatterer for the photoexcited electron in the second-order scattering processes in k space. In order to estimate the role of the defect on the double resonance process, it is necessary to calculate the elastic scattering amplitude between two k states in the Brillouin zone. Formally, the scattering amplitude for a given scattering potential can be expressed by the so-called T matrix, in which the modification of the electronic states by scattering is taken into account in an infinite series expansion. 8 Sato et al. calculated the D band intensity for armchair edged graphene ribbons in which they consider the first-order term of the scattering matrix, and they obtained a dependence for the D band integrated intensity on E laser . 9 In the previous calculation, the electron-defect scattering matrix elements were obtained within a simple tight-binding method (STB) for the nearest-neighbor atoms in which the scattering at an armchair edge is taken into account as missing transfer integrals of the nearest-neighbor atoms at the edges.
Although these approximations can give insight into the overall properties of the D band Raman peak, the modification of the electronic wave functions by the scattering wave was not considered by higher-order terms in the perturbation expansion. Furthermore, in the previous calculation, we considered only first nearest-neighbor interactions for the scattering potential, which does not always represent the full range of the scattering potential.
In this paper, we evaluate both of these missing effects by considering farther neighbors and by considering the effect of multiple scattering processes on the total elastic scattering amplitude. The effect of considering other neighbors can be taken into account by using the extended tightbinding method (ETB), where the tight-binding parameters' dependence on the interatomic distance was obtained from density functional theory. 10 Furthermore, the effect of multiple scattering processes can be taken into account by considering a T matrix.
In Sec. II, we briefly describe the T matrix formalism in the scattering theory and then introduce the scattering potential for an armchair edged graphene nanoribbon. In Sec. III, we introduce the model used for the D band Raman intensity calculation and in Sec. IV, we discuss the calculated results for the scattering amplitude and for the D band intensity as a function of E laser , the nanoribbon width, and its dependence on the incident and scattered light polarizations. Finally, in Sec. V, a summary of the present calculation is given.
II. THEORETICAL BACKGROUND
Within scattering theory, an elastic scattering amplitude between the initial (i) and final (f ) states of the unperturbed system due to an arbitrary perturbation is given as
where the first Kronecker delta function (δ f i ) becomes unity for identical initial (i) and final (f ) states, and the second delta function corresponds to the conservation of energy. The T matrix T f i (E) can be calculated in terms of the T operator, which can be expressed in terms of a Green's function for the perturbed system G(E)
where H = H 0 + V is the perturbed Hamiltonian (graphene ribbon with edges), H 0 is the unperturbed Hamiltonian (infinite graphene sheet), and V is the scattering potential associated with the edge. The T operator can also be expressed by an unperturbed Green's function G 0 (E) = (E − H 0 ) −1 as the following series expansion:
Each of the terms in the series expansion can be interpreted as processes with a fixed number of scattering events. There are several difficulties related to using the method given by the expansion of Eq. (3). The first difficulty is the fact that, for most scattering potentials, it is not possible to know a priori how fast the series converges and thus, the series is usually truncated at a finite number of scattering processes.
Such difficulty is avoided if the Hamiltonian H for the perturbed system can be diagonalized so that G(E) is expanded in terms of its eigenfunctions, and then the T matrix can be obtained explicitly. This formalism takes into consideration all the possible scattering events and does not depend on the convergence of the series. However, there is a requirement that the eigenfunctions and eigenenergies of the perturbed system must be known in order to allow for the calculation of the T matrix.
In this paper, we will apply the T matrix formalism to calculate the scattering amplitude for armchair edges in graphene (the choice of the armchair edges is based on the fact that purely zigzag edges will not contribute to the D band Raman scattering). 11 To calculate the scattering matrix elements T (E) in Eq. (2) for the case of armchair edged graphene ribbons, the supercell shown in Fig. 1(a) is considered. The ribbon width L is given by the number of 4-atom unit cells (shown by a rectangle in the figure) used to construct the supercell (N y ). Figure 1(b) shows the real-space structure of graphene where the 4-atom unit cell mentioned above is depicted by a light blue rectangle. The graphene reciprocal space structure is shown in Fig. 1(c) , where the Brillouin zone corresponding to the 4-atom unit cell in Fig. 1(b) is also shown in a light gray rectangle. In order to calculate the electronic properties of graphene, it is sufficient to consider only the wave vectors, which are within the dark gray area shown in Fig. 1(c) . We are mainly interested in the T matrix for large values of L for which we can disregard quantum confinement effects.
A. Calculation of the scattering amplitude
The electronic structure of both the graphene ribbon and the infinite graphene layer can be calculated using an extended tight-binding method, where several nearest-neighbor interactions are taken into account. For both an infinite graphene sheet and a graphene ribbon, the wave functions can be written by considering a unit cell consisting of 2N carbon atoms as
where
is the coefficient of the Bloch function, and ϕ( r − R ul ) is the atomic orbital at the lth atom of the uth supercell. Here, l and u go over 2N atomic sites in a unit cell and over all U unit cells in the lattice. The infinite graphene plane is obtained by making U → ∞ and 2N → ∞. The Hamiltonian matrix for ψ b is written in terms of tight-binding wave functions as
are the atomic matrix elements. The values for the atomic matrix elements and for the overlap parameter (S 0 uu ll ), defined as
were obtained from the density functional theory (DFT) calculations of Porezag et al. 10 A cutoff radius of 10a 0 ∼ 0.53 nm (where a 0 is the Bohr radius) is used for the calculation of H 
, where V denotes the potential change at the edges relative to a bulk atomic site] as
and
where d represents a missing atom position outside the edge. The vector Q in Eq. (10) represents the reciprocal lattice vectors for the supercell, and the delta function in Eq. (10) represents the conservation of momentum. Since both the perturbed and unperturbed Hamiltonians are defined for the same unit cell, the wave functions of the graphene ribbon φ n (k,r) will also be written in terms of the same atomic orbitals as those of the unperturbed graphene structure, but having different tight-binding coefficients
which can be obtained by diagonalizing the Hamiltonian for the graphene ribbon. Since the electronic states in the graphene ribbon are confined by the edges, the coefficents P n l (k) are defined only for k values along the direction of the edges, while when writing the C b l ( k) coefficients for the infinite graphene sheet, we note that the vector k is defined in a two-dimensional reciprocal space.
The complete T matrix ψ b ( k ,r)|T (E)|ψ b ( k,r) can be obtained from Eq. (2) by expanding G(E) in terms of the eigenfunctions of the graphene ribbon |φ n (k,r) , which results in the following equation:
where T f i is the total scattering amplitude between the initial (i) and final (f ) pristine graphene states
V f i is the value of the first Born approximation term
is the matrix element for the scattering between the ith state to an nth eigenstate [φ n (k,r)] of the graphene ribbon. Similarly,
is the matrix element for the scattering from this same eigenstate n of the graphene ribbon to a final state f .
The broadening factor appears in Eq. (12) in order to remove the singularity in the denominator of this equation and is related to the time scale of the electron-defect interaction.
III. THE D BAND RAMAN INTENSITY CALCULATION
After calculating the elastic scattering matrix elements, it is possible to calculate the D band Raman intensity. According to the work of Martin and Falicov, 13 the differential cross section for the Raman scattering process is given by
where E a and E e are the energies of the incident (absorbed) and scattered (emitted) photons with λ and λ polarizations, respectively. is the solid angle for the collection of the scattered light and 0 is the vacuum permittivity, c is the speed of light, and V is the quantization volume for the irradiated field. According to the model for a double resonance Raman process, 6 ,7 the value of the kernel K λ,λ ea (E a ,E e ) can be obtained as
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For the matrix elements M c e-p , which correspond to the electron-phonon matrix elements for electrons in the conduction (c) band, we have used the previously calculated expression by Jiang et al. 14 The factor γ in Eq. (18) was considered to be equal to 0.06 eV for all the processes, which corresponds to the assumption that the time scale of the Raman process is mainly governed by the lifetime of electrons due to the electron-phonon interaction. 15 This assumption is only valid for a low density of elastic scattering centers for which the mean distance between the scattering centers is well below the mean-free path for electron-phonon scattering processes. By using the uncertainty relation for 0.06 eV and the Fermi velocity of graphene 10 6 m/s, we roughly estimate the value of this low density of elastic scattering centers as n = 10 11 cm −2 and by assuming the effective cross section for elastic scattering in the two-dimensional system to be of the order of σ = 1.0 nm 2 . This value is consistent with the experiment by Lucchese et al. 16 in which the D band spectral width changes when the scattering densities increase and reach values of around 10 12 cm −2 . Formally, the value of γ due to the electron-phonon scattering should also depend on the laser excitation energy and on the density of defects. However, for simplicity, a constant value for γ is considered in this paper. Further studies of how electron-phonon-related resonance broadening effects change the laser excitation energy and crystalline size dependence of the D band intensity should be the subject of future work. For the calculations shown in this paper, we chose a particular process for which the defect scattering takes place between initial and final states in the conduction band. Other processes involving hole scattering are also possible, and similar results are obtained (not shown here) by considering hole scattering processes. The matrix elements M λ a and M λ e correspond to the light absorption and light emission matrix elements, respectively. 17 In such a Raman process, it is expected that a stimulated absorption of the photons takes place while the emission should be usually spontaneous, such that the matrix elements for the absorption and emission are, respectively,
where P λ and P λ are the polarization vectors, I is the intensity of the incident beam, and the dipolar vector D( k) is given, within the dipolar approximation [exp(ika)
To evaluate the importance of considering the long-range scattering potential and the effect of multiple scattering processes on the D band intensity calculation, the electrondefect matrix element (M elas ) in Eq. (18) was calculated in three different ways:
(1) STB: The simple tight binding is used for the scattering potential, for which only the first nearest-neighbor interaction is taken into account. Also, only single scattering processes (first Born approximation) are considered.
(2) ETB-s: The long-range scattering potential is taken into account using the extended tight-binding model. However, only single scattering processes (s) are considered.
(3) ETB-m: Both the long-range interactions and multiple scattering processes (m) are taken into account.
To calculate the Raman scattering cross section, a full calculation was performed for initial and final states in a 256 × 256 mesh of points centered at the K and K points, respectively, and spanning a 10π/6 √ 3a ×10π/6 √ 3a area of the Brillouin zone. For the STB-based calculation, the defect scattering matrix element was obtained directly from the expression derived by Sato et al. 9 For the ETB-s and ETB-m models, the defect matrix element for some given k states was obtained by a linear interpolation of the calculated T matrix in each case. The same set of initial and final points were used for all the three models.
IV. RESULTS

A. Full T matrix calculations
In order to calculate the T matrix [Eq. (12)], we adopt a finite value for to account for the uncertainty of the energy during the scattering process. To verify that our choice of is physically sound, we note that it is expected that small variations of should not change the calculated value for the T matrix significantly. Figure 2 shows the calculated values for the T kk matrix elements as a function of the broadening factor for a graphene ribbon with N y = 16 (∼ 0.38 nm). The value for the T matrix shown in Fig. 2 was calculated for k = 0.86π/a and k = −0.86π/a (a = √ 3a cc = 2.460Å) electronic states in either the valence band (shown as blue squares) or the conduction band (shown as red circles). In Fig. 2 , it can be seen that, for both the valence and the conduction bands, the value of T kk converged for > 0.4 eV. The value of = 0.4 eV was then used to calculate the T matrix for all possible scattering amplitudes for the N y = 16 graphene ribbon. The value of for which the T matrix converges was found to decrease with increasing ribbon size following a = 6.4/N y eV power law. This dependence is of the same order of magnitude as the value =hv F /L ∼ 16.6/N y eV, which represents the value for for which those electrons that are scattered by one of the edges are not scattered by the other edge within the time t ∼h/ , in which v F ∼ 10 6 m/s denotes the Fermi velocity. The validity of this power law was explicitly verified in this work for graphene ribbons ranging from N y = 8 to 64.
In Fig. 3(a) , we plot the absolute value of T kk for different nanoribbon widths ranging from ∼2 nm (N y = 8) to ∼20 nm (N y = 80). The left and right panels of Fig. 3(a) show T kk for two different initial states k y , one along the K , which only scatters toward the opposite K direction (left panel), and one along the KM direction, which only scatters to the opposite KM direction (right panel). The values of k y vary along the k x = 0 line that crosses the center of the Brillouin zone. It can be clearly seen that, as the graphene ribbon width increases, the shape of the T matrix converges to a single curve, indicating that, for N y > 64 (corresponding to a ∼17-nm-wide nanoribbon), quantum confinement effects can be disregarded and the scattering amplitude can be interpreted as coming only from the edge scattering. For this reason, for most of the following discussion on the D band intensity, the T matrix was calculated using N y = 96 in order to guarantee a minimum effect of quantum confinement. In Fig. 3(b) , we show the absolute value of T kk for a particular set of initial and final states (k x = k x = 0 and k y = −k y = 0.86π/a) as a function of the nanoribbon width for the single (ETB-s) and multiple scattering (ETB-m) models. It can be clearly seen that, for the ETB-m model, the value of the T matrix converges to a constant value. On the other hand, it is interesting to comment on the effects of the confinement on the scattering amplitude. Within multiple scattering theory, one expects that, as the ribbon width decreases, the probability that the electron is consecutively scattered by the two edges should increase, thus affecting the final scattering rate. In this sense, it can be seen in Fig. 3 that the T matrix decreases with decreasing nanoribbon widths. It is possible to understand this effect by noting that we are taking into consideration a backscattering process for which the wave vectors of the initial and final states have opposite signs. The effect of the two edges regarding the second-order process can be interpreted as consecutive scatterings of the electron from each of the edges. Since the two edges are on opposite sides of each other, it is not possible for the electron to undergo two backscattering processes and still end up with a wave vector of the opposite sign, and thus the probability of having a backscattering process should thus be reduced due to the presence of the two edges. In Fig. 3(b) , we also show the same plot for the scattering amplitude calculated within the first Born approximation. In this case, as the multiple scattering effect is not taken into account, the scattering amplitude does not change with decreasing ribbon width. We should point out that this effect is not caused by the amorphization of the graphene ribbon edges nor by the creation of sp 3 bonding, as suggested by Jorio et al. 19 or by Ferrari and Robertson, 20 respectively, but rather to the destructive interference between the multiple scattering processes involving the two edges. However, the experimental observation of this effect should present several challenges, including the difficulty of obtaining perfectly edged graphene ribbons and the fact that, for ribbons that are much wider than the mean-free path of the electron due to the electron-phonon interaction, the multiple scattering effects involving the two edges will be strongly suppressed. One possible option is to perform the experiment at low temperatures.
B. D band intensity calculation
Figure 4(a) shows the calculated Raman spectra for different excitation energies. Two characteristic behaviors can be observed as the laser excitation energy is increased: The frequency of the D band increases, while the overall intensity remains fairly constant as E laser increases. The D band frequency dependence is well known to be a consequence of the resonance selection of particular states near the K point. To better probe the laser energy dependence of the D band intensity and to evaluate the effect of long-range and multiple scattering effects to the D band intensity, we show in Fig. 4(b) the calculated D band intensity as a function of the laser excitation energy for the STB (green circles), ETB-s (black squares), and ETB-m (red triangle) models. It can be seen that the D band intensity remains almost constant within this energy range. A more detailed analysis shows that, for the ETB-m and ETB-s models, there is a weak linear dependence that, however, is very small compared to the overall intensity and would thus be very difficult to observe experimentally. For a better comparison with experiments, we also show in Fig. 4 (c) the expected value for the I D /I G intensity ratio (log-log scale) dependence on the excitation laser energy. Since the calculation of the G band intensity dependence on the laser excitation energy is still not well established in the literature, we considered the I G to be given by I G ∝ E laser dependence, indicating that, for the ETB-s and ETB-m models, the calculated results are in good agreement with the experimental results. 3, 4 It is important to note that, although this E 4 laser behavior is well known for nonresonant Raman scattering, the G band Raman process involves resonant electronic states and thus, the E laser dependence of the G band intensity should deviate from this behavior. This point has been discussed in the literature by Basko, 21 where he concludes that, for very low excitation energies (E laser 3 eV), the G band should follow a E 2 laser . This different G band intensity behavior would change the I D /I G ratio evaluation performed in this work. Also, recent experimental work indicates that both the D and G band intensities behave differently for graphene and graphite as a function of the laser excitation energy. 4 Further experiments on graphene nanoribbon edges and G band intensity calculations for graphene ribbons are needed in order to improve our understanding of this effect. It is important to comment on the fact that, in our calculations, we have assumed spontaneous photon emission, which is a reasonable assumption for the low laser power regime used in Ref. 3 . For higher laser powers, it is possible that a stimulated emission process may take place, 22 which should have an altogether different laser power dependence. Also, we would like to point out that, when comparing the ETB-s and ETB-m models, there is little change in the energy dependence of the D band intensity and of the I D /I G ratio calculation, indicating that, for large ribbons, the main effect of considering multiple scattering processes is an overall increase in the D band intensity by a factor of 4. In the case of the STB model, the D band intensity does not show a weak linear dependence on E laser , being mostly constant throughout this energy range. However, this difference between the STB and the ETB models has little effect on the I D /I G ratio dependence on E laser , which is dominated by the fact that I G increases rapidly with the excitation laser energy. Another important point is that the electron-phonon interaction is expected to increase for higher laser excitation energies, and this should cause a change in the electron-phonon lifetime and consequently a change in the value of γ , thereby adding an extra effect to the dependence of both the D band intensity and the I D /I G ratio on E laser . This effect has not been taken into account in the present calculation and should be the focus of further studies.
We have also investigated the dependence of the D band intensity on the polarization of the incident and the scattered light with respect to the orientation of the edge. The calculated results can be well described by the equation where I 0 is the maximum intensity and a and e are the angles between the direction parallel to the edge and the absorbed and emitted light polarization, respectively. It can be seen that the leading term shows a cos dependence, as predicted by Sasaki et al. 5 . In Figs. 5(a) and 5(b), we show the intensity dependence on the polarization of the scattered light ( e in polar coordinates for a = 0
• and a = 90 • , respectively). It can be seen that, for a = 90
• , the D band intensity is almost independent of e and about 10 times weaker than the intensity for a = e = 0
• . This result is in good agreement with the experimental results of Cong et al. 23 who obtained a ratio of 0.2 between the maximum value ( a = 0
• and e unpolarized) and the minimum value ( a = 90
• and e unpolarized) of the D band intensity. 23 Finally, in Fig. 6(a) , we show the D band intensity dependence on the nanoribbon width (E laser = 2.0 eV). For comparison, we show the results obtained using the ETB-s (black square) and ETB-m (red triangle) models. For the ETB-m model, the D band intensity seems to be independent of the ribbon width for N y > 64. For such large ribbon widths, the two edges act as independent scattering centers and thus, the scattering amplitude is independent of the width. In this regime, the D band intensity is localized in the nanoribbon edges and its localization is dominated by the phase-coherent length. 24 For thinner nanoribbons, multiple scattering processes involving the opposite edges become increasingly important, causing a decrease in the D band intensity, as explained above. In the case of the ETB-s model, the D band intensity is independent of the nanoribbon width since it disregards the multiple scattering processes. In order to allow for a comparison with experiments, we also show in Fig. 6(b) the expected I D /I G ratio by taking into consideration that the D band intensity is proportional to the ribbon length, while the G band intensity is proportional to the total ribbon area, thus leading to an I D /I G ratio that is proportional to 1/N y . Once more, we scaled the I D /I G ratio in order to fit the experimental results from Cançado et al. 3 In Fig. 6(b) , the solid lines are a guide to the eye, showing the expected 1/N y behavior. A deviation of the I D /I G ratio from the 1/N y dependence for smaller nanoribbons can be clearly seen for the ETB-m model as a result of the fact that, for nanoribbons with widths L < 17 nm, multiple scattering processes involving both edges start to play an important role in the scattering amplitude. For this reason, the scattering rate ceases to be independent of the nanoribbon size, causing a departure from the 1/N y behavior.
V. CONCLUSION
In this paper, we have studied the calculation of the D band intensity for edge scattering in graphene nanoribbons using three different models for the elastic scattering amplitude. The effect of considering the number of nearest neighbors in the tight-binding model and of multiple scattering processes was analyzed. The D band intensity was shown to be weakly dependent on the laser excitation energy, indicating that the E −4 laser dependence observed experimentally for the I D /I G ratio is mainly due to changes in the G band intensity, which is in agreement with the latest experiments on nanographite. 3 Also, we have shown that, for nanoribbons with a width larger than 17 nm, the D band intensity is independent of the nanoribbon width, which leads to the conclusion that for these ribbons the D band intensity is localized at either of the edges. For smaller nanoribbons, we have shown that multiple scattering processes involving the two opposite edges cause a decrease in the D band intensity. This effect indicates that the I D /I G ratio should start decreasing even if the crystalline sizes are larger than the phonon mean-free path. The dependence of the D band intensity on the polarization of the incident and scattered light was also investigated.
